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[.INTRODUCTION

The concept of sets was introduced by Zadeh [9] in 1965, |I. Kramosil and J. Michalek [7] introduced the concept of
fuzzy topological spaces induced by fuzzy metric which have very important applications in quantum particle
physics. Consequently in due course of time many researchers have defined a fuzzy metric space in different ways.
Researchers like A. George and P. Veeramani [2], M. Grabiec [10], P.V. Subrahmanyam [11], R. Vasuki [12] used
this concept to generalize some metric fixed point results. Recently, Sedghi and Shobe [17] introduced M-fuzzy
metric space which is based on D*-metric concept. Dhage [5] introduced the notion of generalized metric or D-
metric spaces by S.V.R. Naidu, K.P.R. Rao and N.Srinivasa Rao [14], [15], [16] and proved several fixed point
theorems in it. Also proved a Common fixed point theorem for three pairs of maps in M-Fuzzy metric spaces by K.
P. R. Rao, G. Ravi Babu and V.C.C. Raju [8].

[I. PRELIMINARIES

Definition 2.1 [1]: Let (X, d) be acomplete metric space, c€ (0, 1) and f: X—X be a mapping such that for each x, y
xa
difx.fy) d(x.y)
j p(t)dt < cf p(t)dt

0 0
where @: [0,+0)) —[0,+00) is a Lebesgue int2griable mapping wh'tn 1s summanfe on each c:ompact subset of [0, +co) ,
non negative, and such that for each ¢ > o, j:ga(t)dt, then f has a unique fixed point a € X such that for each
x € X,lim, ., f"x =a.
B.E.Rhoades [3], extending the result of Branciari by replacing the above condition by the following

d(x.f}‘)+d(y-fx)]
2

a(fx.fy) max{d (o), fx).d(y,fy), 2 E0T X
J‘ e(t)dt < CJ‘ @(t)dt.
0 0

Definition 2.2 [4]: A binary operation *: [0, 1) X [0, 1] — [0, 1] is a continuous t-norm if it satisfies the following
conditions:

(1) * isassociative and commutative,

(2) * is continuous,

(3)a* 1=aforal at€]|o, 1],
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(4 a*b=c*dwhenevera=candb=dforalab,cd [O0,1],

Two typical examples of continuoust-normarea* b=aband a* b = min (g b).

Definition 2.3 [17]: A 3-tuple (X, M,*) is called a M-fuzzy metric space if X isan arbitrary

(Non-empty) set, * is a continuous t-norm and M is a fuzzy set on X3 x (0, »)satisfying the following conditions:
forallx,y,z,a € Xandt,s >0,

(1) M(x,y,t) >0.

(2 M(x,y,z,t) =1 ifandonlyifx = y = z,

B M(x,y,2z,t) = M(p{x,y,z},t),(symmetry) where p is a permutation function

@ M(x,y,a,t) *xM(a,zz:55)<M(x,y,zt+s).

(5) M(x,v,z,.) : (0,ec) — [0,1] is continuous.

Remark 2.1 [17]. Let (X, M.*) be a M-fuzzy metric space. Then for every t > 0 and for every X,y X, we have
M(x,x,y,t) = M(x,y,y,t).

Definition 2.4 [17]. Let (X, M,*) be a M-fuzzy metric space. For t > 0, the open ball

By (x,7,t) with center x € X and radius0 < r < 1 isdefined by

By(x,7,t) ={y €X: M (x,y,y,t)>1 — r}. A subset A of X is called open set if for each x € A there existt > 0
and 0 <r < 1 such that By, (x,7,t) € A.

Definition 2.5[17]. A sequence {x,} in X convergesto x if and only if M (x, x, x,,t) — 1 asn — <o, for each t > 0.
It iscalled a Cauchy sequence if for each 0 < e <1 andt > 0, there exists ny, €N such that M (x,,, xp,, X, ) > 1 - €
for each n, m = ny. The M-fuzzy metric space (X, M,*) is said to be complete if every Cauchy sequence is
convergent.

Lemma 2.1]17]. Let (X, M,*) be a M-fuzzy metric space. Then M(x, y, z, t) is non decreasing with respect to t, for
al x,y,zin X.

Lemma 2.2 [17]. Let (X, M,*) be a M-fuzzy metric space. Then M is Continuous function on X3 x (0, «).
Definition 2.6[17]. Let f and g be two self maps of (X, M,*). Then f and g are said to satisfy property (E), if there
existsasequence{x, } in X such that M (fx,, u,u,t) > 1& M (gx,, u,u,t) = Llasn - o for someuin X and for
everyt> 0.

Liu et.al [18] defined common property (E) for two pairs of maps in a metric space. In 1998, Jungck and Rhoades
[6] introduced the concept of weakly compatibility of pair of self mappings in a metric space.

Definition 2.7[17]. Let f and g be two self maps of (X, M,*).Then f and g are said to be weakly compatible if there
exists uin X with fu = gu implies fgu = gfu.

Definition 2.8|8]. Let P, @, f and g be self mappings on M-fuzzy metric space (X, M,*).We say that the pairs (P, f)
and (Q, g) satisfy common property (E) if therc cxist scquences {x,, } and {y,,} in X such that M(Px,,, u,u, t) — 1,
M(f xp, w1, £) = LM(Qyy, u,u, t) — 1 and M(gy,, u,u, t) — 1 as n — o« for some u in X and for every t > 0.
Example 2.1[8]. Let X = R & M(x,y,z,t) = Ol e e forallt>0& x,y,z € X.Let P,Q,f,9: X = X
be defined by Px = 2x + 1,fx = x + 2,Qx = 2x + 5 and gx = 2 — x. Consider the sequences {x,} =
{1+3and {y,} = {-1+3}.

Then M (Pxy,3,3,t) — LM (fx,,3,3,t) = 1, M (@x,,3,3,t) = 1and M (gx,,3,3,t) = 1asn - o for every t
> 0.Thus the pairs (P, f) and (@, g) satisfy common property (E).

3. Main Results

Theorem 3.1 Let P, Q, R, f, g and h be self mappings of a M-fuzzy metric space (X, M, *) satisfying

(3.1.1) P(X) € g(X),Q(X) € h(X),R(X) € f(X) and f(X) or g(X) or h(X) is aclosed subspace of X,

(3.1.2) the pairs (P, f), (Q, g) and (R, h) are weakly compatible,

(3.1.3) any two pairs from (P, f), (@, g) and (R, h) satisfy common property (E) and

(3.1.4)
‘M(fx.gy.hz,t)M(fx.Px.Qy.t),
@ mm(M(gy.Q}!.Rz,LJ.M(FLz.Rz,Px.t).
\M(fx,gy.Rz,t),M(Px,gyhzt)
+
M(Px,Qv,Rz,@(t)) afm(.r(M(fx,Qy,hz.r) M(Px,Qy.hzt) ))
J‘ {(t)dt > J’ k \M(fx,gyhzt) M(Px,gyhzt) f(t)dt
0 0

'x,v,z€X,YVt>0,and ¢,6,0:(0,0) » (O,0) issuchthat (t) <t,p(t) <t é(t) <t.
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Then P, Q, R, f, g and h have a unique: common fixed point in X.

Proof.
Suppose the pairs (P, f) and (Q, g) satisfy common property (E). Then there exist sequences {x,} and {y,} in X
such that
lim Px, = lim fx, = lim Qy, = limgy, =«
11— 00 n—sr n—+r Nn—su
For some o € X.
Since Q(X) € h(X),there exists a sequence {z,} in X such thaQy, = hz, n. Hence
lim hz, =a. letlimRz, =vy.

T— 00 n—ax

Now from (3.1.4), we have

min| M(gyn.Gyn.Rznt).M(hzpnRznPxp.t),
\ M (fXn,g¥nR2n,t),M(PXn,g¥nhznt)
-+
m-n(M(fanQJ’n»hzn-t) M(Fxn,Qyn hznt) )
M(fxn.g¥nhznt) 'M(Pxn.g¥n.hznt) f(f)dt

( M(fxn-.qyn-hzn-f-)‘Man--”xn-ﬁ?}’n-ll))
@

J‘M(Pxn.oyn,Rznaﬁ(t))
0

£(t)dt zf

0

Lettingn — o, we get

M (e ,o,a,6 )Mo, t),
@| min| M(a.ay.t).M(ayat),
\ M (ee e,y t),M (e cea,t)

+

(mm(M(a.cc.a,t) M{a,am,t)

M(a,cy,0(t
J‘ — M(a.cz.a,t)'M(a.a.a.t))) f(f)dt
i}

£(t)dt zf

0

p(M(aay.t))
M (o, y,0(t)) { + ] {M(a,ey.t)}
f &(t)dt = f 6(1) E(oyde = f E(@dt
0 0 0
M(a,ay,0(t)) {M(a,ayt)}
i.eJ‘ E(t)dt EJ‘ E(t)dt
0 0
So that y = a.
Thus lim Rz, =«
TL—+0r

Suppose f(X) isaclosed subspace of X. Then e = fu for some u € X. Now in (3.1.4)

M(fu,g¥nhzn).M{fuPu.Qynt),
@| min| M{gyn,Q¥n.RzZnt)M(hzy RznPULL),
M(fu,gy¥nRznt)M(Pu,gyn.hzy,t)

-+
(mm(M(fu.Qyn.hzn.r) M(Pw,Qyn hzn,t)

M(Pu,Q¥n.Rzn,0(t)) ))
J‘ M(fu,gyn.hzn.t) 'M(Pu,gynhzn,t) E(t)dt
1]

£(t)dt zf

0

Lettingn — oo, we get

M (a0 t) M(Pu,a,at)
+
. (M(a.a.a,t) M(Pu,a,a,t)
M\ Maaat) MPua.at) ) f(f)df

M (e, ,a,t),M(a,Pu,a,t),
@| min| M{a,o,0,t),M{a,o,Put),

M(Pu,c,c,@(t))
J‘ E(t)dt = J‘
0

0
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o(M(Pua,at))
M (Pu,a,a,®(t)) { + ] {M(Pu,c,a,t)}
f E()dt = f 6(1) &(t)de > f E(t)dt
0 0 0
M(Pu,a,a,®(t)) {M{Pu,a,at)}
::.ef £(t)dt zf £(t)dt
0 0
So that Pu = a.

Since the pair (P, f) is weakly compatible and Pu = fu = a, we have Pa =f a.
SinceP(X)  g(X), thereexists v € X such that « = Pu= gv.Now we have (3.1.4)

© Mfu,gvhEn,t),Mfu,Pu,Qu.t),
@| min| M{gv,Qu.Rzn t)M{(hzy,Rzy,PUt),
M(fu,gv,Rznt),M(Pu,gv,hzn,t)
-+
mir(M(fu.Qv,hzn,t) M(Pu,Qv,hzn.t))
\M(fu,gv,hzn,t) "M(Pi.gv,hzn.t) &()dt

ft)dt > f

M(Pu,Quv,Rzn,0(t))
J :

Lettingn — o, we get

M (er,ee,c,t),M (e e, t)
+

M(a,a,a,t),M (e, Qu,t),
@| min| M{a,Quv,a,t)M(e,aot),

M (a,Qv,a,B(t)) 6(mm(M(H,Qv.a,t) IM(a,Qv,a,t) ))
J‘ f(t)dt > J‘ M(a,aat) ' M(aaat) f(t)dt
o 0
@(M(a,Qu.a,t))
M(a.Quv,a,B(t)) _ + {M{a,Quva,t)}
f &(Hdt > f s(Maeran)) g(t)dt > f E(t)dt
0 0 1]
M (e, Qu,a,@(t)) {M{a.Qu,a,t)}
i.eJ‘ E(t)dt = J‘ E(t)dt
0 0
Sothat Qv=a.

Since the pair (Q,g) is weakly compatible and Q v = gv = a, we have Qa = ga.
Since Q(X)  h(X), there exists w €X such that « = O v = hw. Now we have (3.1.4)
M(fu,gvhw,t),M(fu,Pu,Qut),
| min| M(gv,Qu,Rw,t),M({hw Bw,Pu,t),
M(fu,gv,Bw,t)M{Pu,gv,hw,t)
+

(M fu,Qu.hw,t) M(Pu,Quhw,t)
6(mm(M(fu,gv,hw.t) "M{Pu,gv,hw,t) )) f(f)df

f(dt > f

M(Pu,Qu,Rw,B(t))
| :

116
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M (e e 00t )M (e o, t),
@| min| M (e, Rw,t),M{a,Rw,at},
M (e o, Rw,t),M (e, ce,t)
+

M{(a,c,Rw,DB(t)) 5 mir(M(a.cz.a,t} M(a.a.a,t))
f f(f)dt > J‘ M (e oo, t) "M (a,co,t) f(f)dt
[} 0
@(M(a,aRw,t))
M (e, Bw,B(t) l + ] {M (e e Bw,t)}
f E(t)dt > f 6(1) E(t)dt > f E(tdt
0 0 Q

M (e, Bw,B(t)) {M(a,aBw,t)}
ie J Ede > f oL
0 0

So that Rw = a.

Since the pair (R, &) is weakly compatible, we have R @ = h o. From (3.1.4) we have
M(Pa,a,a,p(t)) M(Pa.Qu.Rw,0(t))

|

E(Hdt = J E(t)dt

1]
( M(fa,gv.hw,t),M(fa,Pa,Qut),
@| min| M(gv,Qu.Bw,.t),M(hw,Rw Pa,t),
M(fa,gv.Rw.t)M(Pa,gvhwt)

+
j 6(mm(M(fa,Qv,hw,t) M(Pa,Qu,hw,t)
]

v

M(fa,gv,hw,t) "M(Pa,gv,hw,t) )) E(t)dt

M(Pa,o,o,t) M(Pa,Pa,a,t),
@| min| M(aaat)M(aaPat),
M(Pa,a.ct)M(Pa,o,ot)

+

J, 6(mm(M(Pa,a,a,t) M(Pa,a,a,t)
0

- M(Pa,a,a,t) M(Pa,a,aqt) )) E(t)dt

{M(Pa,a,at)}

5(1) ]f(t)d.t > f ¢(t)at

0

p(M(Pa,aat))
M(Porc,a,@(t) {
)

E(t)de 2[

0

M(Po,a,o@(t)) {M(Po,o,o,t)}
i.ej HOLL zf O
0 0

From remark (2.1), So that P& = @ and P o = @ = fa. Now we have

M(Pa.Qa.Rw,3(t))

E(H)dt > f E(t)dt
0

M(fa,gahwt)M(fa,Pa,Qa,t),
@| min| M{ga,Qa,Bw,.t),M(hw Rw,Pa,t),
M(fo,ga,Rw.t) M(Pa,goahw.t)

JaM(a,Qa.a,lD(t))
0

+
- (M{fa.Qohwt) M(Pa,Qahw,t)

EI 6(mm(M(fc(.ga,hw.t)'M(Pa,ga.hw.t) )) f(f)dt

0
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Ma,Qa,a,t)M(a,aQa,t),
@| min| M(Qa,Qa,a,t),M(w,a,a.t),
\M (z,Qa,a,t),M(a,Qe,a,t)
+
M{a,Qa,at) M(a,Qoat)

> f 6(mm(M(a.Qa.a,t) "M@, Qo t) )) f(f)dt
0

{M(a.Qa,a,t)}

51 ]g(t)dt zf §(t)dt

0

{(p(M(a.Qa,a,t))
M(a,Quo,a,0(t)
)

gt)dt > f

0

M. Qo,a,0(t)) {M(a.Qa,at)}
ie f £()dt > f £(t)dt
O O

From remark (2.1), So that Q o = & and hence Q a = a = g @. Now we have

M(Pa,Qa,Ra,0(t))

M(a,aRa,0(t))
f E(t)de = f E(t)dt
0 0

M{fea.goRet)M(Pa,gohat)
+

M{fa.ga hat)M(faPaQa,t),
@| min| M(ga,Qa,Ra,t),M{ha,Ra,Pa,t),

. (M(fa,Qa,hat) M(Pa,Qahat)
>J‘ 6(mm(M(}"a.ga,ha.t)'M(Pa.ga.ha.t))) f(f)dt
0

M (e, a,Re,t),M(a,aRa,t)
+
(Moo Ra,t) M(a,oRa,t)
> J‘ 6(mm(M(a.a.Ra,t} 'M{a,aRa,t) )) f(t)dt
0

M(a,aRat)M(a,aa,t),
@| min| M{a,aRa,t)M(Ra,Ra,a.t),

{M(a,a.Ra,t)}

a(+1) ]f(t)dt > f E(t)dt

0

{(p(M(a.a,Ra.t})

O zf

M(a,a.Ra,0(t)
) ﬂ

{M(a,a Ra,t)}

£(t)dt > f £(t)dt

0

M (o, Re,@(t))
i.e f

From remark (2.1), So that R « = ¢ and hence Ra=a = h a.
ThusPa =Qa =Ra=fa=ga=ha=a
Suppose that # & « is a common fixed point of P, O, R, f, g and h.

M(PB.Qa.Ra,0(t))

E(t)de > f £(0)de

0

JaM(ﬁ.a.Ra,E!(t})
0

118
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min| M{ga,ga,Ra,t),M{haRa,Pft)

M(fﬁ ga,ha,t).M(fB.PB.Qa, t))
\M(fpB.gaRa t) M(PE . ga.ha,t)

M(f,B Qa,ha r) M(PS.Qaha.t) })
M(fB.gahat) M(PR.gahat) f(t)dt

min

119

M(ﬁczar)M{ﬁaczt)

M[,{a’ aat) M(B,e.a.t)

min

M(B,aat)M(B,5at),
min| M{c.aat), M[aa’,@t))
[l
=
0

'(p(M(ﬁ.a.Lr,t))
M(f ea,B(t) [ + }
f f(t)dczf 5 f(t)dr:zf
0 0

0

(M(B.a.at)}
E(O)de

MOB o t) ' M(B oo t) )) f(f)dt

M(B,a.a(t)) {M(B,a.at)}
::.ef £(t)dt zf HOLL:
0 1]

From Remark (2.1)

So that = a. Thus a is the unique common fixed point of P, Q, R, f, g and h.

ACKNOWLEDGEMENT

One of the Author (Dr. Ramakant Bhardwaj) is thankful
to MPCOST Bhopal for the project No0.2556.

REFERENCES

[1]. A. Branciari. A fixed point theorem for mappings
satisfying a general contractive condition of integral type. Int.
J. Math. Sci. 29(2002), no.9, 531 - 536.

[2]. A. George and P. Veeramani, On some results in fuzzy
metric spaces, Fuzzy Sets and Systems, 64(1994), 395-399

[3]. B.E. Rhoades, Two fixed point theorems for mappings
satisfying a general contractive condition of integral type. Int.
J. Math. Math.Sci. 63, (2003), 4007 - 4013.

[4]. B. Schweizer and A. Sklar, Statistical metric spaces,
Pacific J. Math.,10(1960), 313-334.

[5]. Dhage B.C., Generalized metric spaces and mappings
with fixed point, Bull. Calcutta Math, Soc., 84(4), (1992),
329-336.

[6]. G. Jungck and B.E. Rhoades, Fixed points for set valued
functions without continuity, Indian J. Pure Appl. Math. 29(3)
(1998), 227-238.

[7]. 1. Kramosil and J. Michalek, Fuzzy metric and statistical
metric spaces, Kybernetika, 11(1975), 336-344.

[8]. K. P. R. Rao and G. Ravi Babu and V.C.C. Rau, A
Common Fixed Point Theorem for Three Pairs of Mapsin M-
Fuzzy Metric Spaces, Int. J. Contemp. Math. Sciences, Vol. 3,
15(2008), 713 -720.

[9]. L.A. Zadeh, Fuzzy Sets, Inform. Control 8(1965), 338-
353.

[10]. M. Grabiec, Fixed points in fuzzy metric space, Fuzzy
Sets and Systems, 27(1988), 385- 389.

[11]. P. V. Subrahmanyam, A common fixed point theorem in
fuzzy metric spaces, Information Sciences, 83(1995), 109-
112.

[12]. R. Vasuki, Common fixed points for R-weakly
commuting maps in fuzzy metric spaces, Indian J. Pure Appl.
Math., 30(1999), 419-423.

[13]. S. Banach, Sur les operations dans les ensembles
abstraits et leur application aux equations integrals, Fund.
Math. 3,(1922)133-181 (French).

[14]. SV.R. Naidu, K.P.R. Rao and N. Srinivasa Rao, On the
topology of D-metric spaces and the generation of D-metric
spaces from metric spaces, Internat. J. Math. Math. <ci.
51(2004), 2719-2740.

[15]. SV.R. Naidu, K.P.R. Rao and N. Srinivasa Rao, On the
concepts of balls in a D- metric space, Internat. J. Math.
Math. ci. 1 (2005), 133-141.

[16]. SV.R. Naidu, K.P.R. Rao and N. Srinivasa Rao, (2005).
On convergent sequences and fixed point theorems in D-
Metric spaces, Internat. J. Math. Math.Sci. 12(2005), 1969-
1988.

[17]. S. Sedghi and N. Shobe, Fixed point theorem in M-fuzzy
metric spaces with property (E), Advances in Fuzzy
Mathematics, Vol.1, No.1 (2006), 55-65.

[18]. Yicheng Liu, JunWu and Zhixiangli, Common fixed
points of single valued and multi valued maps, Internat. J.
Math.Math. Sci 2005: 19(2005), 3045-3055.



